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SO. LUTRODUCTIOS 
A CLASS Y of groups is said to be a variety of groups if %’ is closed under the operations of 
taking subgroups, quotient groups, and unrestricted direct products. A variety, V, of 
groups is said to be a nontriCzl cariety if -Y is different from the class of all groups. With 
these definitions it is clear that a variety of groups -Y- is nontrivial if and only if the free 
group of rank two does not belong to V. 
The group G is said to belong to the class of groups ,M if and only if there exists a 
j-manifold &I and an isomorphism of G onto ni(M). If G E JL, then G is called a 3mani/iold 
group. 
The purpose of this paper is to classify those groups which are in _I[ and belong to a 
nontrivial variety of groups. However, we are able to present our results in a setting which 
applies to more general classes of groups. Namely, we consider any class of groups in JL 
vvhich has the property that each member does not contain a free subgroup of rank two. 
In $2 we consider the finitely generated groups which are in L? and belong to some non- 
trivial variety of groups. We first show that such groups are finitely presented. It then follows 
from [6, Theorem 41 that each of these groups is isomorphic to the fundamental group of a 
compact 3-manifold. Now, we are able to apply the work of [4] to show that (with the possible 
exception of groups which occur as the fundamental groups of 3-manifolds which are not 
almost-sufficiently-large) these groups are polycyclic. Hence, the finitely generated groups in 
.f’ which belong to a nontrivial variety are among the groups listed in [4]. 
In $3 we consider the nonfinitely generated groups which are in J/L and belong to some 
nontrivial variety of groups. We prove that such a group either is isomorphic to a sub- 
group of the additive group of rationals or is a split extension of a subgroup of the additive 
group of rationals by Z, . 
In practice one has technical difficulties working with the class of groups J/L. To 
circumvent such difficulties, we define a class of groups .JY, where the group G is in -tic if 
and only if there exists a compact 3-manifold M and an embedding of G into xi(M). Clearly, 
JLc c ,M. It is suspected that this containment is proper; and, in fact, we prove in 53 that if 
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G is a nonfinitely generated group in ,/l which contains no free subgroup of rank tuo 
(e.g. Q_ . the additive group of rationals). then G cannot be isomorphic to a subgroup of 
the fundamental group of a compact j-manifold .\I where .1/ has a certain geometricaiiy 
defined restriction (in particular. zz(.\I) = 0 and .\I sufficiently large will do). 
In $2 we make a slight divergence to discuss in detail a collection of closed. irreducible, 
orientable 3-manifolds which are not suficiently large. This collection contains all such 
esamples known to the authors. The possible existence of other such examples has had a 
significant influence on :he results of this paper and on a complete description of the groups 
listed in [A]. Further discussion of this problem is taken up in $1. 
The problem of embedding closed, incompressible 3-manifolds in non-compact 3- 
manifolds does not in\-olve the technical dificulties of the related problem for closed 
3-manifolds mentioned above. In fact. we prove in 5-i that a noncompact, aspherical 3- 
manifold :\I does not admit an embedding of a closed, incompressible 9-manifold if and 
only if rr,(itl) is a locally free group. 
Throughout this paper the objects and maps are assumed to be in the piecewise linear 
category. We use B”. S” and P” to denote. respectively, the /r-cell, the ?I-sphere and real 
projective n-space. 
A surface S in a 3-manifold II is proper/y er&~erkl~c/ir~ :I! if and only, ifs n Bd !\i = Bd S. 
Throughout this paper vve shall assume that all surfaces are properly embedded. A surface S 
in a 3-manifold .\I is compressible iti .!I provided that one of the following conditions is 
satisfied : 
(i) if S # S’, B’. then there is a noncontractible simple closed curve k in Int S and a 
disk D in 11 vvith Int D c Int hl and D n S = Bci D = A-; 
(ii) if S = S’. then there is a 3-cell E in M with S = Ed E; 
Bd i”” 
if S = B’, then there is a ?-cell B in Bd .Cf and a 3-cell E in .t such that B u 5 = 
The surface S is itlcottp-essible in M if and only ifs is not compressible in ,LI. Whenever 
S is tuo-sided in .\I, then it is a consequence of the Loop Theorem [I I] and Dehn’s Lemma 
[12] that S being incompressible in :II is equivalent to Ker(x,(S) --t x1(,11)) = 1. A 3-manifold 
.LI is irreducible if and only if every Z-sphere in ,Lf is compressible in M. 
The group theoretic terms are standard and we cite [9] as a reference. However. vve do 
mention the following notational conveniences. If G is a group, then by p(G) we mean the 
minimum number of generators for G (taken over all sets of generators). If X is a set of 
elements of the group G, then the notation gp( X, G) and nttr(X. G) denote, respectively, the 
subgroup generated by X in G and the smallest normal subgroup generated by X in G 
(normal closure of X in G). 
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Let G and c be groups. If there is an epimorphism p: G + G such that there does not 
exist a consistent diagram 
G’ ‘,’ G 
;‘-\ ::‘I: 
,\. * ,,’ 
of epimorphisms where X * Y is a nontrivial free product, then we say that G inriecorrl- 
posabl~v corers G and that cp is a cocering ephorplzisnz. This concept was introduced in [j]. 
The following result is an immediate consequence of the bvork of [5]. 
THEOREM 1.1. Let G be a finitely generated group and suppose G carz be indeconzposably 
covered b)’ t!ze finitely presented group G’. If G E &lL, tketz G is finitely presented. 
$2. FISITELY GENERATED GROUPS 
In this section we study those finitely generated groups which are in ,/L and belong to a 
nontrivial variety. We prove that such a group is isomorphic to the fundamental group of a 
conzpact 3-manifold. In the event that we can choose these 3-manifolds to satisfy a certain 
geometric condition, then the groups are, in fact, polycyclic. 
LEMMA 2.1. Suppose G is a torsion freefirzitely generated group and G contains IIO free 
subgroup oft-ark tLi.0. Then G can be irzdeconzposably coGered by a finitely presented group c 
with p(G) = p(G). 
Proof. If p(G) = I, then G z Z and we let G’ = G. Therefore, suppose p(G) = n 2 2. Let 
{gl. . , g,} denote a minimal set of generators for G. For i #j, let Gij = gp({g,, gjj, G) and 
let Fij denote the free group on the symbols xi and xj There is an epimorphism Lij: Fi, -+ Cij 
for every pair i #j. By hypothesis, the group Gij is not free; hence, there exists a nontrivial 
element Rij in the kernel of i.ij. Let G’ denote the group which can be presented as 
G = (X,’ , x,: Rij, 1 I i 5 Iz, 1 <j 5 n, i #j). 
NOW, there exists an epimorphism y of i: onto G which maps li ontogi (1 5 i 5 n). We 
claim that 5: indecomposably covers G with covering epimorphism cp. 
If this were not the case, then there would exist a consistent diagram 
of epimorphisms where A # 1 # B. Furthermore, by our hypothesis that G is torsion free, 
such a diagram may be chosen with A * B torsion free. We assume in what follows that we 
have such a situation. 
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For i ii. let Gij = gn((sXi, xj]-. G). We shall show that for each i + j the group z(G,,) is 
conjugate in A * B to either a subgroup of A or a subgroup of B. 
Let .Yij denote the quotient group of Fij by /7t77(Rij, Fij) and let /l,j denote the natural 
projection of Fij onto XLj. There is a natural epimorphism qij of Xij onto c!?,~. Hence for 
i i j we have the follouing consistent diagram of epimorphisms where aij = I 1 cij and 
llij = Yij qij /lij: 
J I 
‘Ir, - 
Xij- Gij 
Now, by our choice of Rij above, ker /lij $I I ; and so, ker /lij + 1. Since p(Gij) = 2, it 
follows that cr(G,j) is not infinite cyclic. Furthermore, z(cij) is not a nontrivial free product. 
Otherwise. since r(Gij) is torsion free, a(cij) Lvould be a free group of rank two. However. 
ker llij f 1. This contradicts the known fact that finitely generated free groups arc Hop&m. 
It now follows from the Kurosh subgroup theorem that for each i f j the subgroup 
r(Gij) of A * B is conjugate in A * B to either a subgroup of A or a subgroup of B. 
By our assumption that A f 1 # B and the fact that z is an epimorphism, we conclude 
z(C) @ nm(A, A * B) and z(G) $ nm(B, A * B). Hence, there exist integers i #j such that 
z(_uJ $ nnl(A, A * B) and r(lj) $ nm(B, A * B). However, we have just proved that for 
i fj either a(Gij) c nm(A, A * B) or cc(Gij) c nm(B, A * B). This establishes the desired 
contradiction and proves the lemma. 
If G is a finitely generated group (possibly with torsion elements) and G does not contain 
a free subgroup of rank two, then the problem of determining when G can be indecomposably 
covered by a finitely presented group seems to be a much harder problem. However, we 
suspect that Zz * Z2 is the only exception. 
THEOREM 2.2. Suppose G is finitely gorerated ard G E ,K. l/’ G contains ~70 fiw sub- 
group of rank tw’o, then G is isomorphic to the Jimu’amental group of a compact 3manijolti. 
Proof. Let G z nl(AI) where M is some 3-manifold. and G is a finitely generated group 
which contains no free subgroups of rank two. By [6, Theorem 41 we need only show that G 
is finitely presented. Thus, since each finite extension of a finitely presented group is linitely 
presented, it is sufficient to prove the theorem when AI is an orientable 3-manifold. 
If G contains torsion elements, then [3, Theorem S.21 allows us to write M as a con- 
nected sum, ICI = Q # R where nI(‘) is a finite group. Since zc,(,VI) z z,(Q) * nl(R) contains 
no free subgroup of rank two, it follows that either I, = Zz * Zz, or x1(R) = 1. In either 
case, x,(iVJ) is finitely presented. 
Thus we may assume that G is torsion free, and, therefore, an application of Theorem 
1.1 and Lemma 2.1 completes the proof of Theorem 2.2. 
We make a slight divergence at this point to discuss two geometrically described classes 
of 3-manifolds. These are the classes referred to in the literature as szrficiently-large and 
almost-suficientl~~-large (defined below). Such geometric notions have been exploited quite 
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successfully by Waldhausen [14, 151 and are convenient for the statements of the theorems 
which follow in this section. 
A compact 3-manifold ‘Cl with JT~(,V) = 0 is said to be sr@cientiy-large if M contains a 
properly embedded, two-sided, incompressible surface. A compact 3-manifold ICI with 
x2(&I) = Ok said to be abnost-sll~ciently-large if,CI has a finite sheeted covering (A, p) where 
,Yf is sufficiently-large. 
The following lemma observed by Waldhnusen gives an algebraic characterization of 
suficiently-large 3-manifolds. 
LEMMA 2.3. [14]. Suppose Al is a compact 3-manifold and Zz(itf) = 0. Then &I is Suj?- 
ciently-large if and only if either n,(kf) is a nontrivial free product rc,ith amalgamation or 
H,(M) is infinite. 
LEMMA 2.4. Suppose .\I is a compact 3-man[fold and xZ(llf) = 0. If ,Cf is not sujkiently- 
large, then either M is a homotopy 3-cell or ICI is closed atld orientable. 
Proof. Let p,(lLf) denote the ith integral Betti number of .If. If XI were a closed, non- 
orientable 3-manifold, then p,(hf) = p2(M) + 1 and by Lemma 2.3 RI would be sufficiently 
large. Hence, we need only show that if M is a compact 3-manifold ivith x2(M) = 0 and 
Bd M # fa, then either hf is a homotopy 3-cell or XI is sufficiently-large. 
Therefore, let us suppose that this is the case and XI is not a homotopy 3-cell. Then 
l(Bd n,f) I 0. Now, we have %(hf) = l/2% (Bd hf) I 0; and thus %(,If) = p2 M) - PI(M) 
+ 1 < 0. Again the desired conclusion follows from Lemma 2.3. This completes the proof of 
Lemma 2.4. 
Clearly a sufficiently-large 3-manifold is almost-sufficiently-large. However, the con- 
verse is not in general true. 
EXAMPLE A [ 131. There exist closed, irreducible 3-manifolds irhich are almost-suficiently- 
large yet are not sq$cienfly-large. 
Let kf, = S’ x S’, and let p: M, --f S’ be the natural projection. Choose disjoint disks 
D,, D,, D, in S’ and let M’ = cl(M, - uf= I p-‘(D,)). Note that p-‘(D,) is a solid torus 
for each i (1 I i < 3). Let bi = (Bd Di) x 0, and let hi = .~i x S’ where xi is a point in 
bi (1 5 i I 3). We construct a manifold M by sewing solid tori Di’ x S’ onto bi x hi in such 
a way that the curve (Bd Di’) x 0 is identified with the curve b,“hiSi where (ui, pi) is a pair 
of relatively prime integers (1 I i 53). 
The 3-manifold M is a closed, orientable Seifert fibered j-manifold with composition 
surface a 2-sphere and three singular fibers of type (cL~, Br), (x2, PI>, (z3, b3). In what follows 
we assume that jril 2 1 (1 I i I 3). 
The group rrr(M) may be presented as 
7$(M) = (x, y, h : [x, h], Iv, II], XZ1hO~, yV+, (xy)“P’). 
2.5 H,(hf) isfinite ifand only if 
To see this. let .U. .P. and fi denote. respectively. the classss of s. F and /I rn tl,( .II). Then 
if q = 0, the map 
(T-t -,:lllli 
($: , 1‘ ~ t-lld211 
\ j_ r=,II~~ 
is a homomorphism of H,(,\f) into the infinite cy,clic group Z(r). By our choice that 1 xi/ 2 1 
(I 2 i I 3), it follows that q$fi) # I. Hence. I/,( .II) is an intinite group. 
In the other direction, observe that i;‘l = I in H,(.L/). Also. we have the relations 
.TV/;Pr = , and :rt/;C’: = , .i in li,(.lJ). It follo~vs that if P/ f 0. then i; and hence both S and _P 
have finite order in H,(.\I). Since X. +V, and i; generate f/,(.11). we would have H,(!tI) finite. 
If we let G denote the quotient of n,(.Lf) by the smallest normni subgroup of 7,(AI) 
generated by the element 1~ (since A is central this is just ~/J(/I. z,(,\/))). then G has ;I pre- 
sentation of the form 
G = (I, _r‘: x1’. J.“. (xJ)“). 
It is known [I] that G is finite ifand only ifx;‘, , I/I, > I. Also. by [Satz IV. 17,17]whenever 
G is infinite, it contains a subgroup of finite index isomorphic to the fundamental group of a 
closed, orientable ?-manifold different from S’. Since / 2; I # I (i = I 7, 3). we have that in 
any case G is noncyclic [I]. We note for future reference that this p ecludes the possibility 
that rr,(Jf) = Z. 
2.6. TIM tnnt~ijblti 31 is irrcduciblc. If S is ZI ?-sphere in ,\I. then S must separate M. 
For if S does not separate ,LI, then x,(‘L/) = Z * H where I-f = ;r,(.Ll - S). In particular, we 
see that H,(.Lf) is infinite so that q = 0. Then the map c?: n,(.\I) --t Z defined above represents 
lr as a nontrivial element of Z. Thus, the center of ri,(M) is nontrivial. It follows that H = 1 
and ;r,(,%f) 2 Z. But we have already observed that this cannot occur. 
If S is a ?-sphere in :\f, then we may assume that S meets each solid torus Di’ x S’ in a 
mutually exclusive collection of disks. Let Y’ denote the collection of ?-spheres in ,t! which 
do not bound 3-cells in AI. We wish to show that 9’ is empty. 
If 9’ f 0. then let S E Y be chosen such that S meets us=, (D,’ x S’) as ab0v.e and 
such that this sphere has a minimal number of components in S n u;= L ( Di’ x S’). Since 
the product of a 2-manifold, different from S’. with S’ is irreducible. we have that 
s n u;=, (Di’ x S’) # ‘. 
Furthermore, if, S’ = S n XI’, then S’ separates Ai’. 
By our choice of S such that S n (,J:= L (Di’ x S’) has a minimal number of compo- 
nents, we have that S’ is incompressible in ALI’. Since isI .\I’) has nontrivial center and S’ 
separates hf’, it follows that S’ is an annulus and both components of Bd S’ are contained in 
the same component (b, x S’) of Bd AII’. 
By tilling in the other components of Bd XI’ to obtain a solid torus, we may use well- 
known results to conclude that S’ is parallel to an annulus in bi x S’. But then we could 
isotope S into D,’ E S’ which would give a J-sphere in a solid torus which does not bound a 
VARIETIESOF GROUF'SAND THREE-MANIFOLDS 89 
3-ceU in the solid torus. This contradiction gives us that the collection Y is empty, and so M 
is irreducible. 
2.7. If H,(M) isfinite, then M is not sujiciently-large. (Note that since M is orientable 
and irreducible, the sphere theorem [3, 121 assures us that rr2(M) = 0. So, it makes sense to 
consider if M is sufficiently-large.) 
Suppose that F is a two-sided, incompressible surface in 111 and that F meets 
lJ;=i (Di’ x S’) 
in a minimal number of components each of which is a disk. Let F’ = F n M’. Since H,(M) 
is finite, F must separate M’. Also since F n U’= 1 (Oi’ x S’) contains a minimal number 
of components, F’ is incompressible in M’. But then again using the fact that rr,(,cI’) has 
nontrivial center, F’ would be an annulus, and F would be a 2-sphere. This gives us the 
desired contradiction. 
2.8. If H,(M) isjinite and rcl(M) is infinite, then l\/l is almost-sufficiently-large. 
We have already observed that whenever the group G = rri(M)/gp(h, x1(M)) is infinite 
then it contains a subgroup of finite index isomorphic with the fundamental group of a 
closed, orientable 2-manifold. Thus, if G is infinite, we can construct a subgroup G* of finite 
index in G such that H,(G*) is infinite. The covering space of iLI corresponding to G* is then 
sufficiently-large. 
Now, since M is orientable and irreducible rri(M) is torsion free. Therefore, if G were 
finite n,(M) would be a torsion free extension of the infinite cyclic group gp(h, x1(M)) by 
the finite group G. It follows that rci(Pf) M Z which contradicts a previous observation. 
The only examples of compact 3-manifolds which are almost-sufficiently-large, are not 
sufficiently-large, and are known to the authors occur as one of the manifolds in the preced- 
ing example. 
In practice (and in particular when one is considerin g which groups can be isomorphic 
to the fundamental group of a compact 3-manifold), it is quite often the case that one must 
consider closed, orientable 3-manifolds which are not known to be almost-sufficiently-large 
yet are known to contain as a subgroup of their fundamental group an isomorphic copy of 
the fundamental group of a closed, orientable 2-manifold. Clearly, a closed, orientable, 
almost-sufficiently-large 3-manifold has this property; however, the converse is not known. 
Hence, we pose the following questions. 
QUESTION 1. Suppose M is a closed, orientable 3-manijbld and n,(iVf) = 0. If x,(M) is 
infinite, then does zl(M) contain a subgroup isomorphic to the fundamental group of a closed 
2-manifoId? 
QUESTION 2. Suppose M is a closed, orientable 3-manifold and n,(M) = 0. If x1(M) 
contains a subgroup isomorphic to the fundamental group of a closed 2-manifold, then is M 
almost-sufficiently-large? 
We now return to the consideration of finitely generated groups G in .& which contain 
no free subgroups of rank two. The preceding considerations will play an important role in 
what is to follow. 
We say that two 3-manifolds are eqrknler~t if one CXI Oe obtained from the other by 
removing the interiors of finitely many disjoint, interior. homotopy kells and/or filling in a 
finite number of 2-sphere boundary components with homotopy 3-ceils. 
THEOREM 2.9. Let .Lf be a compact hm7~blti and suppose that ir,ilenerer tile minimal 
orientable cocer ofAll is equicalent to a closed 3-mntzifold .o ,viril ;r2(:\2) = 0, then ,t^r is almost 
s@icietztly-lurge. If xi,(M) cotztaitu no free subgroup of rat& ~H’o, then ;i,(hl) is poIyc)cIic. 
Remark. If z:,(M) is polycyclic, then rrl(M) is solvable and therefore appears among 
the list of solvable groups in [-!I. 
Proof. We consider two cases depending on whether rz(M) is trivial or not trivial. 
Case 1. x2(M) = 0. If M is sufficiently-large, we may apply [A, Corollary 4.101 and 
[4, Theorem 5.21 to conclude that ni(Af) is polycyclic. Hence, ne may assume that n,(M) = 0 
and M is not sufficiently-large. By Lemma 2.4 we have that, except in the trivial case, M is 
closed and orientable. From our hypothesis, A/ is almost-sufficiently-large. Therefore, M has 
a finite sheeted covering space (&f, p) which is sufficiently-large. We may assume that (A?, p) 
is a regular covering space of Af. From the previous considerations we have that nt(A) is a 
solvable group. Since ni(A) is an infinite. solvable group, there is a fully invariant sub- 
group K of n,(G) (for example, we may take K to be a judiciously chosen term of the com- 
mutator series of am), such that H,(K) is infinite and the index of Kin E,(M) is finite. 
To this point we have shown that rrl (M ) contains a normal subgroup IV = p*(K) such 
that n,(Al)/iVis finite and H,(iV) is infinite. Now, we proceed as in [-I, Theorem 4.81. That is, 
among all finite sheeted, regular coverin g spaces of AI which have infinite first homology, 
we choose (M’, p’) having a minimum number of sheets. It follows that ~,(M),‘p,‘rr,(M’) is a 
finite subgroup of CL,(Z). 
From Lemma 2.3 and the preceding considerations, we have that ;r,(M’) is polycyclic. 
Thus it suffices to show that each finite subgroup of G&(Z) is polycyclic. 
Let X denote a matrix of finite order in G&(Z). Then X is diagonalizable over the 
field of complex numbers. This process preserves the trace and the determinant of A’. By 
considering the characteristic polynomial of X, these invariants allow us to conclude that X 
has order 2, 3, 4 or 6. It follows that each finite subgroup of GL,(Z) must have order 2’3” 
where r and p are nonnegative integers. We apply [2, Theorem 34.11 to conclude that each 
kite subgroup of G&(Z) is solvable. However, it is straightforward to show that each 
finite solvable group is polycyclic. 
Case 2. n2(M) # 0. Let (‘0, p) denote the minimal orientable cover of ,Lf and suppose 
that !cf is obtained from ,cf by “capping off” all 2-spheres in Bd 10. 
If rrz(A?) = 0, then by Case 1, we have that ;r,(&f) is polycyclic, and, hence, x1(M) is 
polycyclic. If ~~(lii) f 0, then it follows from the sphere theorem that either ~~(i\;i) % Z or 
7-ri(&i) E A * B a nontrivial free product. But ~i(~cf) - +_ rri (%’ ) contains no free subgroups of 
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rank two. Therefore, rI(A) z 2 or zl(A) x 2, * Z, and in either case is polycyclic. 
Again it follows that ~~(~bf) is polycyclic. This completes the proof of Theorem 2.9. 
As a consequence of Theorem 2.2, Theorem 2.9 and [-l, Theorem 3.11, we have the 
following theorem. 
THEOREM 2.10. Suppose G E JL and G contains no free szl6groz1ps of rank tb\‘o. If G is 
infinite, finitely generated and the answers to both Question 1 amf Question 2 are affirmalice, 
then G is polycyclic. If G is finite, then G is pol>q,clic except in the case G is the binary 
dodecahedral group P, 20 or the direct product of P, z0 and a finite cyclic group of order rela- 
tirely prime to 120. 
S3. NONFINITELY GESERATED GROUPS 
In this section we study those nonfinitely generated groups Lvhich are in J[[ and belong 
to a nontrivial variety of groups. As in the previous section, we exploit the fact that such 
groups do not contain a free subgroup of rank two. 
THEOREM 3.1. Suppose G E JL! and G contains no free subgroup of rank taco. If G is not 
finitely generated, then either 
(i) G is isomorphic to a subgroup of Q+ , the additke group of rationals, or 
(ii) there exists a split extension of tile form 1 -+ A + G -+ Z, -+ 1 rthere A is a subgroup 
of Q+a and Z, acts on A b,v taking each elenlent of A to its incerse. 
Proof. Since G E J’, there exists a 3-manifold M such that G z n,(Xf). We consider two 
cases depending on whether M does not or does contain a two-sided projective plane. 
Case 1. 151 does not contain a two-sided P 2. 
We shall show that in this case G is abelian. First, observe that G is torsion free. Other- 
wise [3, Theorem 8.21 would allow us to write G as a nontrivial free product. But the only 
nontrivial free product which does not contain free subgroups of rank two is the finitely 
generated group Zz * Z, 
Let g1 and g2 be any two elements in G. Let K(g,, g2) = gp({gl, gJ, G). By Theorem 2.2 
K(gl, g2) is isomorphic to the fundamental group of a compact 3-manifold N. Furthermore, 
since K(g,, gJ is torsion free and K(gl, gJ does not contain a free subgroup of rank two, 
we may choose N such that either N is P’-irreducible or N is a 2-sphere bundle over S1 
and K(g,, g7) = Z. 
In the case that N is P 2-irreducible, we have that N is aspherical and thus by [3, Theo- 
rem 8.81 N cannot be closed. Now, we have that Nis a compact, sufficiently-large 3-manifold 
and X,(N) does not contain a free subgroup of rank two. By [4, Corollary 4.101 n,(N) is 
solvable, and since Bd N + 0, it follows from [4, Theorem 4.21 that K(g,, gr) z x~(N) is 
one of the groups Z, Z x Z, or X (X is the fundamental group of the Klein bottle). 
In any case, we see that g12 commutes with gz2. Since g1 and gr were arbitrary elements 
of G, we have that the subgroup G2 = gp((g2: g E G}, G) of G is abelian. 
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If G were abelian. then Theorem 3.1 would follow from [-I? Theorem 8.31, Hence we 
SUPPOSZ that G is nonabelian. It follows that for at least one pair gi, gj , K(g,, gj) is isomor- 
phic with the fundamental group of the Klein bottle. Hence Z x Z c G’. Since G2 is abelian 
and Z x Z c G’, it follows from [4, Theorem 5.31 that G’ is finitely generated. Since G’ 
is torsion free, we have that G’ must be either Z x Z or Z x Z x Z [3, Theorem 9.11. 
The group Z x Z x Z is isomorphic to the fundamental group of an aspherical closed 
j-manifold; so, by [3, Theorem S.81 and our hypothesis that XI contains no two-sided 
projective planes and G contains no free subgroup of rank tvvo, vve conclude that G’ zz Z x Z. 
We may now conclude in precisely the fashion used in the proof of Theorem 8.3 of [-I] that 
the quotient group G,‘G’ contains an element of infinite order. This is absurd since G/G’ is a 
group of exponent two. This contradiction establishes that in case 1. G is isomorphic with a 
subgroup of Q+ . 
Case 2. ,cI contains a 2-sided P’. 
Let (i@, p) denote the orientable double cover of i\l (111 is nonorientable by hypothesis). 
By case 1 the group ir,(,8) IS isomorphic to a subgroup of Q+ ; and since M contains at least 
one two-sided projective plane, the group G is a split extension of the form 
1 + p,z&pf) + G + Z2 -+ 1. 
We wish to determine the action of 2, on A =p,;r,(&?). 
Let t denote an element of order two in G. Since A is torsion free, t $ A. Let U: A -+ A be 
the automorphism defined as z(a) = t -‘at for each a E A. Then for each a E A, u(ax(a)) = 
x(a)x’(a) = u(a)a = ax(a). Thus c( leaves elements of the form ax(a) fixed. However, if 
x E A, x # 1, and E(X) = X, then gp({x, t>, G) is isomorphic to Z x Z2. But then by [3, 
Theorem 9.51 hf could be expressed as a connected sum R # T where x,(R) z Z x 2,. 
Since G is not finitely generated, the group n,(T) would be nontrivial. In this event, the 
group G E rcr(M) z x,(R) * n,(T) would contain a free subgroup of rank two, contrary 
to hypothesis. 
It follows that for each a E A we have a%(a) = 1 and thus z(a) = a-‘. This completes 
the proof of Theorem 3.1. 
An example of a 3-manifold icl such that nl(M) z Q, was constructed in [4]. Hence, if 
ii is isomorphic to a subgroup of Q, , then there exists a 3-manifold 1V such that ii z z,(N). 
We have not been able to determine if each group G which is a split extension of the 
form 
l-+A-+G+Z,-+l 
where A is a subgroup of Q, and the action of Z, on A takes each element of A to its inverse 
does actually occur as the fundamental group of some 3-manifold. However, the next exam- 
ple does show that in some cases such groups do appear as 3-manifold groups. 
EX.AMPLE B. If A is a subgroup of Q, and A does not contain a subgroup isomorphic to the 
group of diadic rationals, then there exists a 3-manifold M such that nl(M) is a split extension 
of the form 
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1 -+ A -+ n,(M) -+ zz -+ 1 
bvhere the action of Z, on A takes each element of A to its imerse. 
We begin with S’ x [0, 11. Let : be the standard orientation reversing fixed point free 
involution on S2 x [0, I]; i.e. T is the antipodal map on each 2-sphere S’ x {t> (0 I r I 1). 
Since A does not contain a subgroup isomorphic to the diadic rational% we may present 
A as A = (qi : qi = 4;; 1 (1 I i < co)) where each ri is odd (1 I i < CQ). Now, beginning in a 
neighborhood of a r-invariant simple closed curve in S’ x {l/2) and using the fact that Ui 
is odd (1 I i < CO), \ve can construct an (rli, rZ, . . , ri, . . .)-solenoid I in such a way that 
t(I) = I. Let A = S’ x [0, l] - I. Then ni(?;i) z A and t’ = rj ,* is a fixed point free 
involution on fif. The orbit space 111 =ti/t’ is the desired 3-manifold. 
The following theorem has been quite useful in eliminating certain groups from the 
class JZ (see, for example, [7] and [S]). This theorem leads us to suspect that the contain- 
ment .&, c & is proper and seems to have a significant relation to a problem studied by the 
authors. We pose this problem in the following question. 
QUESTION 3. Suppose G is isomorphic to the f%damental group of a compact 3-manifold. 
Is the center of G finitely generated? 
We know that the answer to this question is affirmative if the answer to Question 1 is 
affirmative. Furthermore, if the answer to Question 3 is negative, then there exists a compact 
3-manifold M such that rri(M) has as a quotient group a finitely presented, infinite, torsion 
group. 
THEOREM 3.2. Let M be a compact 3-manifold with n,(M) = 0 and suppose that M is 
almost-sufficiently-Iarge. If G is a subgroup of TQ(M) and G contains no free subgroup of rank 
two, then G isjnitely presented. 
Remarks. (a) By the results in the previous section, this theorem gives that whenever a 
group G contains no free subgroup of rank two and is embedded in the fundamental group 
of a compact 3-manifold which satisfies the hypothesis of the theorem, then G is, in fact, 
a polycyclic group and thus appears among the groups listed in [4]. 
(b) There are, of course, obvious generalizations of this theorem in the case n,(M) # 0. 
Again the difficulty in making a more general statement is the possible existence of a 3-mani- 
fold which gives a negative answer to either Question 1 or Question 2. 
Proof. Clearly, it is sufficient to prove the theorem in the case when M is orientable and 
sufficiently-large. Thus by Theorem 3.1, we have that either the group G is finitely generated 
or G is isomorphic to a noncyclic subgroup of Q, . In the former case, it follows from Theo- 
rem 2.2 that G is finitely presented. Now, by hypothesis, X,(M) = 0; so M = M, # C where 
C is a homotopy 3-cell and M, is a compact, orientable, irreducible, sufficiently-large 
3-manifold. Therefore, we shall be done if we can prove that the fundamental group of a 
compact, orientable, irreducible, sufficiently-large 3-manifold does not contain a subgroup 
isomorphic to a noncyclic subgroup of Q, . 
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Our proof proceeds by induction on the length of a hierarchy for such a manifold. Let 
us recall the definition of a hierarchy and the fundamental theorem that we shall use [l-l]. 
Let JI be an irreducible, orientable 3-manifold. A hierarchy, (01~ length n) for .~f is a 
sequence of triples (Mj, Fj j U(Fj)) (1 lj I n) such that 
(a) Jf, = AI, 
(b) Fj c i”fj is a properly embedded, two-sided, incompressible surface in .llj . 
(c) U(Fj) is a product neighborhood of Fj in ,kfj, 
Cd) -bfj+l = Cl(Xlj - U(Fj)), and 
(e) each component of kf,+l is a 3-cell. 
THEOREM [IA]. Let Lb1 be a compact, orientable, irreducible, mficiently-large 3-manifold. 
Then there exists a hierarchy for hf. 
If :!I has a hierarchy of length 1, then either nl(,lJ) = 1 or zl(,bf) 2 Z. In either case 
nl(M> cannot contain a subgroup isomorphic to a noncyclic subgroup of Q+ 
Suppose that for any compact, orientabl c, irreducible, sufficiently-large 3-manifold 
having a hierarchy of length less than n we have that its fundamental group does not contain 
a subgroup isomorphic to a noncyclic subgroup of Q+ . Now, we suppose that ,Cf has a 
hierarchy of length n. 
Let (&f = M,, F,, U(F,)) be the first triple in our hierarchy of length n for Af. Let 
(MC, p) denote the covering space of &I corresponding to G (i.e. for fundamental groups 
appropriately based, we have p*n,(M,) = G). 
Each component of p-‘(i’;) is a properly embedded, two-sided. incompressible surface 
in M,. Let us denote the components of p-‘(F,) by F,, . , Fj, . Since each Fj is two- 
sided and incompressible in M, , it follows from the fact that 7rl(icIG) is abelian that n,(Pj) is 
abelian (I <j < cc). Hence for each j (I <j < m), rl(Fj) is either infinite cyclic or trivial. 
If some component Fj of p-‘(F,) did not separate M,, then we could construct a 
retraction of M, onto a simple closed curve in hf, that pierces Fj exactly once. This would 
produce an epimorphism of G onto the infinite cyclic group. This is not possible since G is a 
noncyclic subgroup of Q+ . Hence, each component Fj of p-‘(F,) separates hf,. 
Let us denote the closures of the components of XI, - Fj by Uj and Vj (1 ij < co). 
Then zl(hfG) is a free product of the group nl(Uj) with the group n,(Vj) amalgamated along 
xl(Fj). Since rcl(,LJ,) =: G is abelian, it follows that this amalgamation is not proper. We 
choose notation so that zl(Fj) -+ nl(Uj) is an isomorphism. 
If 7r1(Fj) = 1 for every j, then only one component of iVf, - WY= I F, has nontrivial 
fundamental group, and its fundamental group is isomorphic to G. However, if this were the 
case, then there would be an automorphism of n,(hl) under which G is carried to a sub- 
group of the fundamental group of one of the components of hJ, = cl(lVf, - U(F,)). This 
contradicts our inductive hypothesis. 
Thus for somej, we have that n,(Fj) z Z. Let R denote the closure of the component of 
MC - us 1 pi such that F, c Bd R and Uj n R = Fj. (Note that R c Vj .) 
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Suppose F, c Bd R, i #j. If R c Ui, it follows that the inclusion nI(Fi) -+ x1(R) is 
epic. Thus if I is a loop in Fj which generates n,(Fj) there is a free homotopy in R of 1 to a 
loop 1’ in Fi. If we apply the generalized loop theorem [16] to the resulting singular annulus, 
we obtain a nonsingular annulus in R having one boundary component in fi and the other 
in Fj. However, using this annulus and the fact that zl(fi) + x:,(R) is epic, we would have 
that n,(Fj) --t n,(R) is epic. If this is true for every Fj with zl(Pj) 2 Z, then rcI(hi,) z Z. 
So it must be the case that there exists an Fj with z~(F,) z Z and if R denotes the closure of 
the component of M, - Uz 1 Fi such that Fj c Bd R and Uj n R = Pj, then Al + r,(R) 
is not epic. We conclude as above that for every i such that Pi c Bd R, then Ui n R = Pi. It 
follows that n,(R) -+ rrI(M,) is an isomorphism. Now, if this lvere the case, then there would 
be an automorphism of nl(M) under which G is carried to a subgroup of the fundamental 
group of one of the components of M, = cl(M, - U(F,)). As before. this contradicts our 
inductive hypothesis. 
We have an immediate corollary to this theorem 
COROLLARY 3.3. Assume that the compact 3-manifold XI satisfies the hypothesis of 
Theorem 3.2. If A is a nonjinitely generated abelian group, tJlen A cannot be embedded as a 
subgroup of n,(M). 
Remark. In view of the discussion following the proof of2.8, the reader will observe that 
for all compact 3-manifolds known to the authors, none contain as a subgroup of their 
fundamental group a group which is isomorphic to a noncyclic subgroup of Q+ . 
$4. CLOSED, INCOMPRESSIBLE SURFACES IN NONCO\lPACI 
3-ivlANIFOLDS 
The technical difficulties discussed in Section 2 involved in embedding incompressible 
2-manifolds in compact 3-manifolds can be avoided in the noncompact case. 
A group G is said to be locally free if and only if every finitely generated subgroup of G 
is free. In this section we prove that a noncompact 3-manifold with trivial second homotopy 
group either has a locally free fundamental group or admits an embedding of a closed, 
incompressible surface. Applications of this theorem and theorems of a similar nature are 
given in $5 and 97 of [S]. 
LEMMA 4.1. Suppose that M is a noncompact 3-manifold and x2(M) = 0. rf n,(M) 
contains a finitely generated subgroup G which can be indecomposablJ cocered by a finitely 
presented group G, and ifG is not the infinite cyclic group, then there exists a closed, tti.o-sided, 
incompressible 2-manifold in M. 
Proof. It follows from the proof of Theorem 2.1 [5] that there exists a compact 3-mani- 
fold R embedded in Int M and an automorphism Ic/ of x1(M) such that 
(i) each component of Ed R is either a 2-sphere or is incompressible in A/I, and 
(ii) Im(n,(R) --f n,(M)) contains the subgroup $(G). (See, in particular, the statement 
of Theorem 2.1 in [8].) 
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Moreover. since !ve have assumed that ~~t&r) = 0 and &I is not compact, at least one 
boundary component of R is not a 2-sphere. Such a component of Bd R satisfies our con- 
clusion. 
LEMMA 4.2. Suppose that .\I is a noncompact 3-manifold and TV = 0. If zl(.Lf) does 
not contain a subgroup isomorphic to theftlndamental group of a closed surface not equal to 
S*, then TIN is locally free. 
Proof. We shall proceed by induction on p(G) where G is a finitely generated subgroup 
of 7rl(M). 
Since n2(M) = 0 and M is not compact, it follows from [3, Theorem 5.21 that zl(M) is 
torsion free. Hence if G is a subgroup of xl(,\f) and p(G) = 1, then G is infinite cyclic. 
So, let us assume that for all subgroups H of n,(M) with p(H) < k(k 2 2). that we 
have shown that H is free. 
Let G be a subgroup of x1(M) with p(G) = k. If G is not free, then there exists a finitely 
presented group G and an epimorphism cp: i: + G such that p(G) = p(G) and G is not free. 
Now, it follows (from Lemma 4.1 and our hypothesis) that the group c does not inde- 
composably cover G with covering epimorphism cp. Hence, there exists a consistent diagram 
of epimorphisms where X * Y is a nontrivial free product and both X and Y are subgroups 
of G. 
We have p(G) = p(G) = p(X * Y) = p(X) + p(Y). Since neither X nor Y is the trivial 
group both p(X) < p(G) = k and p(Y) < p(G) = k. By our inductive hypothesis both Xand 
Y are free. Hence X * Y is a free group on p(G) = p(G) elements. However, by assuming 
that G was not free, we were able to choose c nonfree. Thus the epimorphism z contradicts 
the fact that finitely generated free groups are Hopfian. This contradiction establishes the 
lemma. 
THEOREM 4.3. Suppose M is a noncompact 3-manifold aud n2(N) = 0. Then either 
(i) M contains a closed, incompressible surface S # S*, or 
(ii) 7r,(M) is locally free. 
ADDED IN PROOF. 
(a) Peter Shalen has proved that the fundamental group of a compact, orientable, sufficiently-large 
3-manifold does not contain any non-trivial infinitely divisible elements. This result includes our 
Corollary 3.3. 
(b) Peter Scott and Peter Shalen have proved that any finitely generated group in M is finitely 
presented. 
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